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On the basis of horizon thermodynamics, we study the thermodynamic stability and P − V
criticality of topological black holes constructed in Horˇava-Lifshitz (HL) gravity without the detailed-
balance condition (with general ǫ). In the framework of horizon thermodynamics, we do not need
the concrete black hole solution (the metric function) and the concrete matter fields. It is shown
that the HL black hole for k = 0 is always thermodynamically stable. For k = 1, the thermodynamic
behaviors and P − V criticality of the HL black hole are similar to those of RN-AdS black hole for
some ǫ. For k = −1, the temperature is classified into six types by their different features. Among
them, we mainly focus on the type with a triply degenerate thermodynamic state. It is also shown
that there is a “ thermodynamic singularity” for the k = −1 HL black hole, where the temperature
and Gibbs free energy both diverge apart from a special pressure Ps.
PACS numbers: 04.70.Dy
I. INTRODUCTION
Since the discovery of Hawking radiation, black hole
thermodynamics has attracted a lot of interest. It shows
that gravitational systems like black holes can also be
thermodynamic systems. Not only that, the study of
black hole thermodynamics may shed light on the under-
standing of the theory of quantum gravity. A consistent
theory of quantum gravity should succeed in addressing
the thermodynamic nature of black holes. Black holes
do not only have the standard thermodynamic quanti-
ties, such as temperature and entropy, but also possess
abundant phase structures like the Hawking-Page phase
transition [1] and critical phenomena similar to those in
ordinary thermodynamic systems. Especially, it is found
that the charged AdS black hole may have the similar
phase transition and critical behavior to that of Van der
Waals liquid/gas system [2–4]. There are also extensive
studies on the thermodynamics and P − V criticality of
several kinds of black holes in an extended phase space
by taking the cosmological constant as pressure [5–14].
In fact, there is another route to explore the rela-
tionship between a gravitational system and its relevant
thermodynamic properties. It is the framework of hori-
zon thermodynamics proposed by Padmanabhan [15, 16].
It is shown that Einstein’s equations for a spherically
symmetric spacetime can be written in the form of the
first law of thermodynamics: dE = TdS − PdV . This
makes the connection between gravity and thermody-
namics more closely. The pressure P is the (rr) com-
ponent of energy-momentum tensor. In this case, only
two pairs of thermodynamic variables exist, which are the
intensive quantities (T, P ) and the extensive quantities
(S, V ). In this framework the thermodynamic properties
are directly related to the gravitational theories under
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consideration. The details of matter content are not im-
portant and the concrete black hole solutions are also not
necessary. This approach has also been extended to the
other theories of gravity, such as Lovelock gravity [17] and
Horˇava-Lifshitz theory [18]. In this framework, we have
studied the phase transitions and thermodynamic stabili-
ties of black holes in general relativity and Gauss-Bonnet
gravity [19]. Recently, in [20] the authors discussed the
phase structures of Lovelock black holes in horizon ther-
modynamics and compared with that in extended phase
space with variable cosmological constant.
Recently much attention has been focused on the
Horˇava-Lifshitz (HL) theory [21], which is a power-
counting renormalizable gravity theory and can be re-
garded as a UV complete candidate for general relativity.
The static, spherically symmetric solutions in HL grav-
ity have been obtained in [22–25]. The thermodynamic
quantities of topological HL black holes are calculated
in [23–27]. In [28] the authors studied phase transition
of charged topological HL black hole with general dy-
namical parameter λ and phase transition of Kihagias-
Sfetosos (KS) black hole. In [29], phase transition and
scaling behavior of charged HL black holes with λ = 1
were studied. Through thermodynamic metrics, in [30]
the authors analyzed a unified phase transition of the
charged topological HL black hole in the case of λ = 1.
In this paper, we will analyze the thermodynamic sta-
bility and the phase transition of topological HL black
holes in the framework of horizon thermodynamics. The
previous studies on phase transition of topological HL
black hole all referred to concrete matter fields, such as
the electromagnetic field, and considered the detailed-
balance condition, ǫ = 0. We do not care about the
concrete matter content, which is exactly one advantage
of horizon thermodynamics. Also, we do not employ the
explicit form of the HL black hole solution. Besides, we
take general ǫ. It is shown in this paper there are some
interesting results which are lack in the usual HL black
hole with ǫ = 0.
2The paper is arranged as follows. In Section II, we sim-
ply review the horizon thermodynamics of HL gravity. In
Section III we will analyze the thermodynamic stability
of topological HL black holes. The P − V criticality of
HL black hole is discussed in Section IV. We make some
concluding remarks in Section V.
II. HORIZON THERMODYNAMICS OF
TOPOLOGICAL HL GRAVITY
The action of HL gravity without the detailed-balance
condition is [22, 23]:
I =
∫
dtd3x(L0 + (1− ǫ2)L1 + Lm),
L0 = √gN
{
2
κ2
(KijK
ij − λK2) + κ
2µ2(ΛR− 3Λ2)
8(1− 3λ)
}
,
L1 = √gN
{
κ2µ2(1− 4λ)
32(1− 3λ) R
2 − κ
2
2ω4
ZijZ
ij
}
, (1)
where Zij =
(
Cij − µω
2
2 Rij
)
with Cij the Cotten tensor.
ǫ, κ2, λ, µ, ω and Λ are constant parameters. Lm stands
for the Lagrangian of other matter field.
Compared with general relativity, there will be the re-
lations for the parameters:
c =
κ2µ
4
√
Λ
1− 3λ, G =
κ2c
32π
, Λ˜ =
3
2
Λ, (2)
where G, c, Λ˜ are Newton’s constant, speed of light and
the cosmological constant respectively.
Because only for the case with λ = 1, general relativity
can be recovered in the large distance approximation. We
only consider λ = 1 in the following. In this case, from
Eq.(2), one can see that Λ must be negative. Moreover,
we will take the natural units: G = c = 1, so κ2 = 32π
and µ2 = −1/(32π2Λ).
ǫ = 0 is the so-called detailed-balance condition, under
which HL gravity turns out to be intimately related to
topological gravity in three dimensions and the geometry
of the Cotton tensor. For the case with ǫ = 1, HL grav-
ity returns back to general relativity and HL black hole
becomes Schwarzschild-(A)dS black hole. Below we will
consider general values of ǫ.
For a static, spherically symmetric black hole, the met-
ric ansatz can be written as
ds2 = −N˜2(r)f(r)dt2 + dr
2
f(r)
+ r2dΩ2k, (3)
where dΩ2k denotes the line element for a two-dimensional
Einstein space with constant scalar curvature 2k. With-
out loss of generality, one can take k = 1 (spheri-
cal/elliptic horizons), k = 0 (flat horizons), and k = −1
(hyperbolic horizons).
In our work, it is not necessary to know the concrete
expression of f(r). Substituting the metric ansatz into
the action and varying the action with respect to N˜ , the
field equation can be obtained [18]
α
[
3x2+ + 2k − (1− ǫ2)
k2
x2+
− 2x+f ′ − (1− ǫ2)2kf
′
x+
]
=
16παx2+
Λ
δ(N˜Lm)
δN˜
∣∣∣∣∣
x=x+
, (4)
where x+ =
√−Λr+ and r+ is the horizon radius. The (′)
in f ′ represents the derivative with respect to x+. Here
we take a new parameter α = κ
2µ2
√
−ΛΩk
16 . In fact, it is
shown that when λ = 1 the function N˜(x+) is a constant
[24]. So we will take N˜ = 1 below.
In [18], from the field equation above the authors de-
rived the thermodynamic identity dE = TdS − PdV ,
with
E =
α
[
k2
(
1− ǫ2)+ 2kx2+ + x4+]
x+
,
S =
4πα
[
2k
(
1− ǫ2) log x+ + x2+]√−Λ + S0,
P = δ(N˜Lm)/δN˜
∣∣∣
x=x+
, (5)
V = −16παx
3
+
3Λ
,
T = f ′(x+)
√
−Λ/4π.
From the above results, one can see that matter fields
do not affect the explicit forms of internal energy E and
the entropy S and V . For different matter fields, only the
P and T have different explicit forms. However, in the
framework of horizon thermodynamics, we do not need
the exact expressions of P and T .
One thing, which should be noted, is that the integra-
tion constant S0 in the entropy cannot be fixed by some
physical considerations. To determine S0, one has to in-
voke the quantum theory of gravity as argued in [23, 24].
For k = 0 case, the area law of the black hole entropy
is recovered if setting S0 = 0. Thus, for simplicity, we
always set S0 = 0 below (including the cases of k = ±1).
It also should be noted that the pressure P defined
by Eq.(5) is different from the pressure in the usual ther-
modynamic systems. Especially, due to the metric ansatz
Eq.(3) and energy conditions, the pressure defined in this
way may have opposite sign to the pressure in the usual
sense [19]. For example, the electrodynamic field is a
kind of positive pressure matter. However, by Eq.(5),
P = ΛQ
2
32πα2x4
+
< 0. There is also exotic matter, such as
dark energy which supports our universe accelerating ex-
pansion, which may have negative pressure in the usual
sense. In horizon thermodynamics, by Eq.(5) they may
be positive. Because we require negative Λ in this pa-
per, we always consider black holes in the asymptotically
3AdS spacetime. Our discussion does not refer to con-
crete matter content, in other words, all kinds of matter
can be considered as the source. Therefore, there always
exist certain matter fields which can give the asymptot-
ically AdS spacetime under appropriate parameter. For
example, for the electromagnetic field any negative pres-
sure can guarantee the negative cosmological constant
and thus the asymptotically AdS spacetime. And as
mentioned above, we guess that there is also certain ex-
otic matter which corresponds to the positive pressure.
Whatever matter sources, the pressure P is negative or
positive. Below, under reasonable thermodynamic re-
quirements, such as positive entropy and positive tem-
perature, we will consider the cases with negative and
positive pressure.
III. THERMODYNAMIC STABILITY OF
TOPOLOGICAL HL BLACK HOLES
One can see that Eq.(4) is in fact an equation of state
described by three state parameters P, V, T , which is
P =
1
16πx4+
[
k2Λ
(
ǫ2 − 1)− 8πk√−ΛTx+ (ǫ2 − 1)
+ 2kΛx2+ + 8π
√
−ΛTx3+ + 3Λx4+
]
. (6)
As noted above, pressures can be positive or negative,
while the entropy and the temperatures of black holes
must be positive 1. From Eq.(6), we can derive the ex-
pression for temperature:
T = −k
2Λ
(
ǫ2 − 1)+ 2kΛx2+ + x4+(3Λ− 16πP )
8π
√−Λx+
(−kǫ2 + k + x2+) . (7)
If the Maxwell field exists, the pressure P is given by
P =
ΛQ2
32πα2x4+
< 0. (8)
The temperature above becomes
T =
√−Λ (2α2k2 (ǫ2 − 1)+ 4α2kx2+ −Q2 + 6α2x4+)
16πα2x+
(−kǫ2 + k + x2+) ,
(9)
which is just the result given in [23].
Positive temperature and positive entropy are only
necessary conditions for HL black hole to be in ther-
modynamic equilibrium. To be in stable equilibrium,
CP ≥ CV ≥ 0 must be satisfied [31]. According to gen-
eral definition, for the topological HL black holes
CV =
∂E
∂T
∣∣∣∣
V
= T
∂S
∂T
∣∣∣∣
V
= 0, (10)
1 Although there are some physically acceptable systems which
have negative temperatures, for black holes the same explanation
does not work.
because constant V means constant E and S. We can
only define the heat capacity at constant pressure, which
is
CP =
∂H
∂T
∣∣∣∣
P
= T
∂S
∂T
∣∣∣∣
P
=
8πα
(−kǫ2 + k + x2+)2
A(x+)
[
k2Λ
(
ǫ2 − 1)
+ 2kΛx2+ + x
4
+(3Λ− 16πP )
]
, (11)
where H = E + PV is the enthalpy of the system and
A(x+) =
√
−Λ
{
k3Λ
(
ǫ2 − 1)2 − 5k2Λx2+ (ǫ2 − 1)
+ kx4+
[
48πP
(
ǫ2 − 1)+ Λ (7− 9ǫ2)]
+ x6+(3Λ− 16πP )
}
. (12)
Moreover, according to the viewpoint of Davies [32], the
divergence of heat capacity means a phase transition hap-
pens there. It is shown in [29], when ǫ = 0 there will be
no phase transition for the charged topological HL black
holes with k = 0 and k = 1. While there is a second-order
phase transition with k = −1.
To discuss the global stability of the HL black hole,
we also need to calculate the Gibbs free energy, which is
defined as
G = E − TS + PV
=
α
[
k2
(
1− ǫ2)+ 2kx2+ + x4+]
x+
− 16παPx
3
+
3Λ
− α
[
2k
(
1− ǫ2) log (x+) + x2+]
2Λx+
(−kǫ2 + k + x2+) B(x+), (13)
where
B(x+) = k
2Λ
(
ǫ2 − 1)+ 2kΛx2+ + x4+(3Λ− 16πP ).
Generally, states with smaller G are more thermodynam-
ically stable.
Below we will first study the entropy and the temper-
atures of topological HL black holes with general matter
fields in cases of k = 0, 1,−1 respectively and with gen-
eral ǫ. Then the corresponding heat capacity and Gibbs
free energy are calculated and depicted to analyze ther-
modynamic stability. In the following we take Λ = −1
and α = 1 for simplicity.
A. The flat case: k = 0
In this case, the temperature is proportional to the
horizon radius:
T =
(16πP + 3)x+
8π
. (14)
Obviously, if only P > −3/16π, the temperature is posi-
tive.
4The entropy in this case is
S = 4πx2+, (15)
which is always positive.
The heat capacity at constant pressure is
CP = 8πx
2
+, (16)
which is also always positive. In addition, its value is
independent of P , namely the matter fields. So when
k = 0, the HL black hole is always thermodynamically
stable and no phase transition happens.
The Gibbs free energy is
G = −16πP + 3
6
x3+. (17)
Because the temperature has to be positive, the Gibbs
free energy is always negative and monotonically de-
creases as the horizon radius grows.
B. The spherical case: k = 1
In this case, the entropy becomes
S = 4π
[
2
(
1− ǫ2) log x+ + x2+] . (18)
Due to the ǫ2 in this expression, we only need to analyze
the positive ǫ case. The results with negative ǫ are the
same. Black holes, as thermodynamic systems, should
have positive entropy. Thus the cases with negative en-
tropy will be excluded from thermodynamic considera-
tion.
From Eq.(18), we find that there are three cases ac-
cording to the values of ǫ. When 0 ≤ ǫ < 1, the black
hole entropy is not always positive in the whole range.
Only when x+ ≥ e−
1
2
W ( 1
1−ǫ2
)
, the entropy is positive2.
When 1 ≤ ǫ < 1.928, the black hole entropy is always
positive for x+ > 0. And when ǫ ≥ 1.928, the black hole
entropy takes positive values except for an intermediate
region where the entropy is negative. These behaviors
have been displayed in Fig.1. Due to the term log x+ in
the black hole entropy, all curves cross the point (1, 4π).
We are not interested in the black hole with positive en-
tropy in two disconnected regions. So we only concern
with the HL black hole with 0 ≤ ǫ ≤ 1.928.
When k = 1, the temperature is
T =
(16πP + 3)x4+ + 2x
2
+ + ǫ
2 − 1
8πx+
(
x2+ − ǫ2 + 1
) . (19)
2 Here W (x) is the Lambert function defined by general formula:
W (x)eW (x) = x.
(a)
(b)
FIG. 1: The entropy of topological HL black hole with respect
to x+ for k = 1. (b) is the magnification of (a). The black
dot lies at x+ = 1.649. At the point (1, 4π), all the curves
cross.
Its value depends on the relations between P and ǫ. We
find that there always exist some regions where T > 0
only if P > 4−3ǫ
2
16πǫ2−16π .
We plot the temperatures of HL black hole in Fig.2.
Interestingly, as shown in Fig.2(a), for negative pressure
and 0 < ǫ < 1, the temperature of HL black hole ex-
hibits the similar behavior to that of Reissner- Nord-
stro¨m (RN)-AdS black hole. Here the parameter ǫ plays
the similar role to the electric charge Q in RN black hole.
However, considering the requirement of positive entropy,
only in the regions on the right of the vertical dashed
lines is the black hole physical. In Fig.2(b), we depict
the temperature of HL black hole for 1 ≤ ǫ ≤ 1.928. In
this case, there are always divergent points due to this
term (x2+ − ǫ2 + 1) in the denominator of T in Eq. (19).
Therefore, only in the regions on the right of the diver-
gent points are the HL black holes with positive tem-
perature physically acceptable. For comparison, we also
depict the curves of T − x+ in the positive pressure case
(Fig. 2(c)). In this case, for 1 ≤ ǫ ≤ 1.928 the tem-
perature increases monotonically as the horizon radius
x+ grows. Thus, the HL black hole, not like its negative
pressure counterpart, does not exhibit the critical behav-
ior. While for ǫ > 1, the HL black hole with positive
pressure has the similar behavior to the one with nega-
tive pressure case. It should be noted that the pressure
P with the different signs may correspond to different
5(a)P = −1/6π
(b)P = −1/6π
(c)P = 1/π
FIG. 2: Temperatures of topological HL black hole with re-
spect to x+ for k = 1. In (a), the three vertical dashed lines
lie at x+ = 0.508, x+ = 0.612, x+ = 0.753 respectively. Only
on the right of these lines are the corresponding entropies
positive. The black point represents the critical point with
ǫ = 0.787 and x+ = 1.57. In (b), Only on the right of the di-
vergent points are both the temperature and entropy positive.
In (c), the positive pressure case.
matter source. For example, the negative pressure cases
in Fig.2(a), Fig.2(b) can describe the HL black hole with
the electromagnetic field and the positive pressure case
in Fig.2(c) describes the temperatures of HL black holes
with other matter sources.
Excluding the regions with negative entropy and neg-
ative temperature, we depict the heat capacities at con-
stant pressure in Fig.3. Clearly, when 0 ≤ ǫ < 0.787 the
heat capacity is always finite and positive. Due to the
positivity of CP , the HL black hole for negative pressure
FIG. 3: Heat capacity at constant pressure CP of topological
HL black hole for k = 1 with respect to x+. The two divergent
points in the bottom left diagram are x1 = 0.793, x2 = 2.199.
We take P = −1/6π.
with 0 ≤ ǫ < 0.787 is locally thermodynamically stable.
When 0.787 < ǫ < 1, the heat capacity will suffer dis-
continuities at two different points x1, x2, which may be
identified as the critical points for the phase transition
phenomena in HL black holes. The heat capacity CP is
positive for x+ < x1 and x+ > x2, while it is negative
in the intermediate region x1 < x+ < x2. Therefore,
across the two critical points, there is a change of ther-
modynamic stability of the HL black hole. When the
parameter takes the critical value ǫc = 0.787, the two
critical points x1, x2 coincide. In this case, the interme-
diate unstable phase disappears and the HL black hole
is always thermodynamically stable. For ǫ ≥ 1, there is
only one divergent point for CP . In this case, the HL
black hole tends to cross the divergent point from the
left to the right. We do not depict the heat capacity for
positive pressure because its behaviors are simple. For
positive pressure, the CP is always positive When ǫ < 1
and when ǫ ≥ 1 there will be a divergent point.
To analyze the global thermodynamic stability of HL
black hole, we depict the Gibbs free energy in Fig.4 as
functions of temperature for fixed pressure. As is shown
in the figure, the Gibbs free energy develops a “ swallow
tail” behavior when 1 > ǫ > ǫc = 0.787, which is the
characteristic of first-order phase transition. When ǫ =
ǫc, the ” swallow tail” disappears, corresponding to the
critical point. For ǫ > 1, a cusp appears instead of the
“ swallow tail”. Thus, in this case, the divergent point
for CP is not a real critical point and no phase transition
takes place.
C. The hyperbolic case: k = −1
Now, the entropy of HL black hole is
S = 4π
[
x2+ − 2
(
1− ǫ2) log x+] . (20)
The structure of the entropy in the k = −1 case is simpler
than that of k = 1 case. As is shown in Fig. 5, for 0 ≤ ǫ <
6FIG. 4: Gibbs free energy of topological HL black hole for
k = 1 with respect to T . Here we have taken P = −1/6π..
FIG. 5: The entropy of topological HL black hole with respect
to x+ for k = −1. All the curves also cross the point (1, 4π).
1 the entropy is always positive. While it has one zero
point for ǫ > 1. This point lies at x+ = e
− 1
2
W ( 1
ǫ2−1
)
. On
the right-hand side of this point, the entropy is positive.
In this case, the temperature is
T =
(16πP + 3)x4+ − 2x2+ + ǫ2 − 1
8πx+
(
x2+ + ǫ
2 − 1) . (21)
There are six cases in which the temperatures can be
positive. They are listed in Table I. The corresponding
temperatures are depicted in Fig.6. Clearly, when k =
−1 the behaviors of temperatures are more complicated.
In this case, the pressure P has more apparent effects on
the temperature T . So we will fix the parameter ǫ and
vary the values of pressure P .
According to Eq.(21), one can easily find that there
is always another divergent point besides x+ = 0 for
0 < ǫ < 1 except for a special pressure P = − 3ǫ216πǫ2−16π .
When P satisfies the condition (I) in Table I, the temper-
ature is positive only on the left-hand side of the diver-
gent point. While for conditions (II, III), the temperature
is positive in two disconnected regions. Due to the exis-
tence of negative temperature region between them, the
black hole cannot transit from one positive temperature
region to the other.
When ǫ > 1, under the condition (IV) the temper-
ature monotonically decrease as the horizon radius x+
increases. When P satisfies condition (V), the temper-
ature T is positive at two disconnected regions. When
the pressure falls into the scope in condition (VI), the
temperature will be always positive. However, consider-
ing the positivity of entropy when ǫ > 1, there must be
x+ > e
− 1
2
W ( 1
ǫ2−1
)
.
Among the six cases, we are interested in the case un-
der the condition (III). One can notice from Fig.6(a) that
at most there are three types of black holes, the smaller
one, the intermediate one and the larger one, which can
have the same thermodynamic state, namely the same
(T, P ). We want to know which one is the most ther-
modynamically preferred. We depict the corresponding
heat capacity in Fig.7. There are two zero points for the
CP at the points x+ = 0.797 and x+ = 0.866. The left
one corresponds to the zero point of the temperature and
the right one corresponds to the divergent point of the
temperature. In the two regions: 0 < x+ < 0.797 and
x+ > 0.866, the heat capacity takes positive values. This
means that the smaller black hole and the larger one can
be both locally thermodynamically stable. In the region
0.797 < x+ < 0.866 the heat capacity CP is negative. So
the HL black hole in this region is not thermodynamically
stable and will transit to the smaller black hole in the re-
gion 0 < x+ < 0.797 or to the larger black hole in the
region x+ > 0.866 through a phase transition. It is well
known that under the same pressure and temperature
a thermodynamic system will be in a state with small-
est chemical potential (Gibbs free energy). Although the
intermediate black hole would be disregarded due to its
negative heat capacity, we still need the Gibbs free energy
to ascertain the globally thermodynamic stable state for
the other two cases.
As is shown in Fig.8, when the temperature is below
T = 0.673, the thermodynamic state of the smaller black
hole has the lower Gibbs free energy. While the larger
black hole is thermodynamically preferred when the tem-
ǫ P No.
|ǫ| < 1
P ≤ − 3
16π
I
− 3
16π
< P < − 3ǫ2
16πǫ2−16π
II
P ≥ − 3ǫ2
16πǫ2−16π
III
|ǫ| > 1
P ≤ − 3
16π
IV
− 3
16π
< P < 4−3ǫ
2
16πǫ2−16π
V
P ≥ 4−3ǫ2
16πǫ2−16π
VI
TABLE I: For k = −1, under these conditions the tempera-
ture has different behaviors.
7(a)ǫ = 0.5
(b)ǫ = 1.5
FIG. 6: Temperatures of topological HL black hole with re-
spect to x+ for k = −1. In (a), the dashed (green) curve
corresponds to P = − 3ǫ2
16πǫ2−16π
. In (b), the vertical dashed
line marks the point on the right-hand side of which the en-
tropy is positive.
FIG. 7: Heat capacity at constant pressure CP of topological
HL black hole for k = −1 with respect to x+. Here ǫ = 0.5
and P = 0.04.
perature is above T = 0.673. However, due to the cutoff
of the negative temperature region, there will be no phase
transition for the HL black hole from one region to the
other.
FIG. 8: Gibbs free energy of topological HL black hole for
k = −1 with respect to T . The dashed curve corresponds to
the smaller black hole in the range x+ < 0.797 and the solid
curve corresponds to the larger black hole with x+ > 0.866.
The cross point of the two curves is T = 0.673, G = −23.4.
Here ǫ = 0.5 and P = 0.04.
IV. P-V CRITICALITY OF TOPOLOGICAL HL
BLACK HOLES
Almost all the previous works on P −V criticality con-
sidered the cosmological constant Λ to be variable and
treated it as the thermodynamic pressure. In this way,
it has been verified that the usual charged HL black hole
do not have the P − V criticality [33]. In the present
paper, we employ the horizon thermodynamics and treat
the energy-momentum tensor of matter fields as the pres-
sure. According to Eq.(6), we can discuss the P −V crit-
icality of HL black holes. Below we still fix Λ = −1. It
shows that in horizon thermodynamics, P −V criticality
can exist.
(1). k = 0
In this case, the equation of state is
P = − 3
16π
+
T
2x+
. (22)
Clearly, no criticality exists.
(2). k = −1
In this case, the equation of state is
P =
1
16πx4+
[(
1− ǫ2)+ 8πTx+ (ǫ2 − 1)
+ 2x2+ + 8πTx
3
+ − 3x4+
]
. (23)
By comparing the above equation with the van der Waals
equation, one can easily find the specific volume v ∝ x+.
So we would not introduce the specific volume, but di-
rectly study the P − x+ behavior. The behavior of this
equation is displayed in Fig.9. Clearly, in this case the
8HL black hole has no P −V criticality. However, another
interesting thermodynamic behavior exists. There is an
interesting point where all isotherms intersect. This indi-
cates that this point is independent of the temperature.
It originates from the counterbalance of the second term
and the fourth term in Eq.(23). When (1 − ǫ2) = x2+,
the temperature is cancelled out in Eq.(23). This special
point is usually called “ thermodynamic singularity” [34].
It is characterized by
∂P
∂T
∣∣∣∣
V=Vs
= 0, (24)
which precisely gives (1−ǫ2) = x2+. And indeed, the tem-
perature and Gibbs free energy both diverge at the ther-
modynamic singularity apart from a very special point
P = Ps = − 3ǫ
2
16πǫ2−16π for which the temperature and
the Gibbs free energy are both finite. This special pres-
sure is just the lower bound of Condition (III) we give
in Table.I. The temperature for Ps has also depicted in
Fig. 6(a), which is indeed finite. For Gauss-Bonnet black
hole and Lovelock black hole, there are also the similar
thermodynamic singularities and have been extensively
analyzed in [34].
FIG. 9: The P − V/x+ diagram of topological HL black hole
for k = −1. The temperature of isotherms grows from top to
bottom on the left of the point x+ =
√
1− ǫ2 and decreases
from top to bottom on the right of that point. The critical
isotherm is depicted by the dashed (black) line. We have
taken Λ = −1 and ǫ = 0.8.
(3).k = 1
In this case, Eq.(6) turns into
P =
1
16πx4+
[(
1− ǫ2)− 8πTx+ (ǫ2 − 1)
− 2x2+ + 8πTx3+ − 3x4+
]
. (25)
The behavior of this equation is displayed in Fig.10. Ap-
parently, in this case the HL black hole has the similar
P − V criticality to those of RN-AdS black hole and van
der Waals liquid/gas system.
FIG. 10: The P −V/x+ diagram of topological HL black hole
for k = 1. The temperature of isotherms decreases from top
to bottom. The critical isotherm is depicted by the dashed
(black) line. The critical temperature Tc = 0.829. We have
taken ǫ = 0.9.
The critical point lies at:
Tc =
(
2−√3)√3 + 2√3
6π
√
1− ǫ2 ,
Pc =
−27ǫ2 + 8√3 + 12
144π (ǫ2 − 1) ,
xc =
√
3 + 2
√
3
√
1− ǫ2. (26)
Clearly, the Tc, xc will be imaginary if ǫ
2 > 1. Therfore,
the critical behavior only exists when ǫ2 < 1. Corre-
spondingly, one can calculate
ρc =
Pc xc
Tc
=
−27ǫ2 + 8√3 + 12
24
(√
3− 2) . (27)
It only depends on the parameter ǫ and has nothing to
do with Λ (Even if we do not take a special value for Λ,
it can be eliminated from this relation.). Generally ρc is
negative. Only when ǫ2 > 0.96, ρc can be positive. So it
is very different from the usual van der Waals liquid/gas
system.
Defing
t =
T
Tc
− 1, ζ = x+
xc
− 1, p = P
Pc
(28)
and replacing x+, T, P in Eq.(25) with the new dimen-
sionless parameters ζ, t, p and then expanding the equa-
tion near the critical point approximately, one can obtain
p = 1 +At+Btx+ Cx3 + O(tx2, x4), (29)
where A, B, C are all functions of ǫ . Eq.(29) has the
same form as that for the van der Waals system and the
RN-AdS black hole [8]. Therefore, for this system the
critical exponents should also be β = 1/2, γ = 1, δ = 3.
In addition, because CV = 0, we also have the critical
exponent α = 0. Obviously, they obey the scaling sym-
metry like the ordinary thermodynamic systems.
9FIG. 11: The G − T diagrams of topological HL black hole
for k = 1 for fixed ǫ = 0.9. The blue curve corresponds to
the critical pressure P = Pc, and the red curve corresponds
to the pressure under the Pc.
As is depicted in Fig. 11, when we fix the value of ǫ,
the G−T diagrams also exhibit “ swallow tail” behavior
for P < Pc, which means a first-order phase transition
exists.
In horizon thermodynamics, the phase structure of
black hole is comparatively simple. We find that the
HL black hole does not have other interesting critical
behaviors, like isolated critical point [35] or triple point
[36, 37].
In fact, for the spherical HL black hole there is still the
thermodynamic singularity. Only if ǫ2 > 1, the second
term and the fourth term in Eq.(25) can also offset and
the residual equation is independent the temperature T .
However, the cost for the thermodynamic singularity is
the disappearance of the P − V criticality.
V. CONCLUDING REMARKS
In the framework of horizon thermodynamics, we stud-
ied the thermodynamic stabilities of the topological black
holes in HL gravity. In static, spherically symmetric case,
whatever the matter fields are, one can always set the
(rr) component of energy-momentum tensor as the pres-
sure of black hole thermodynamic system to obtain the
thermodynamic identity dE = TdS−PdV from the field
equations. We study the thermodynamic stabilities of
black holes according to the variables E, T, S, P, V
by taking the same method and criterion as those in the
usual thermodynamics. The concrete matter fields are
not important. Also, the concrete metric function is not
necessary to know. Therefore, our discussion applies for
all the black holes in the gravitational theories under con-
sideration.
For topological HL black holes, the entropy and the
temperatures are not always positive. Negative entropy
and negative temperature are meaningless for black holes.
We should analyze the thermodynamic stability of topo-
logical HL black holes only in the regions with positive
entropy and temperature. It is found that the temper-
ature of topological HL black holes for k = 0 can be
positive when P > −3/16π. And the heat capacity at
constant pressure is always positive, which means the
black hole in this case is always thermodynamically sta-
ble and does not have any phase transition. For k = 1,
we fixed the pressure and studied the influence of the
parameter ǫ on the thermodynamic behaviors of the HL
black hole. We find that for some ǫ the HL black hole
exhibits the similar thermodynamic behavior to that of
RN-AdS black hole. Its temperature has two extrema.
Correspondingly, the G − T diagrams of HL black hole
exhibit the “ swallow tail” behavior which characterize
the first-order phase transition. For k = −1, the be-
havior of entropy is simple, however the temperature has
fruitful structures. There are six cases in which there
are positive temperatures. In this case, the pressure has
more apparent effects on the thermodynamic behaviors
of HL black hole. So we fixed the ǫ and varied the val-
ues of pressure P . We mainly focus on the case under
condition (III) in Table.I. In this case, the black hole can
have at most three configurations with the same thermo-
dynamic states. We analyze which one of the three is
thermodynamically preferred according to heat capacity
and Gibbs free energy. However, due to the existence
of negative temperature region between them, the black
hole cannot transit from one positive temperature region
to the other.
We also studied the P −V criticality of topological HL
black hole in the framework of horizon thermodynamics
through the equation of state P = P (V, T ). We find that
the P −V diagram of topological HL black hole for k = 1
looks the same as that of van der Waals liquid/gas sys-
tem. They also have the same critical exponents. How-
ever, the parameter ρc =
Pc rc
Tc
of the two systems is very
different. When k = −1, no P −V criticality exists. But
there is a special point called “ thermodynamic singular-
ity” in the P −V diagram, where the isotherms intersect.
On the left and right side of the point, the isotherms
have opposite sequence. This singularity is characterized
by ∂P
∂T
∣∣
V=Vs
= 0. At the “ thermodynamic singularity”,
the temperature and Gibbs free energy are both diver-
gent apart from a special pressure P = Ps where the
temperature and the Gibbs free energy are finite.
It may reflect some universality of the thermodynamic
behaviors of HL black holes in the framework of horizon
thermodynamics. However, it may miss some peculiarity
of the topological HL black holes. It would be plausible
to further study the thermodynamic stability and critical
behaviors of the HL black hole with some concrete matter
field like the electromagnetic field, which may further
shed light on the thermodynamic properties of HL black
holes.
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